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ABSTRACT

In evolutionary algorithms based on probabilistic model-
ing, the offspring population is generated according to
the estimated probability density model of the parent
instead of using recombination and mutation operators.
In this paper, we have proposed a probabilistic model-
building genetic algorithms (PMBGAs) for solving flow
shop problems using edge histogram based sampling
algorithms (EHBSAs). Two types of sampling algo-
rithms EHBSA/WO and EHBSA/WT were presented.
The results showed EHBSA/WT worked fairly well with
a small population size in the test problems used.

1. INTRODUCTION

Genetic Algorithms (GAs) [7] are widely used as robust
searching schemes in various real world applications,
including function optimization, optimum scheduling,
and many combinatorial optimization problems. Tradi-
tional GAs start with a randomly generated population
of candidate solutions (individuals). From the current
population, better individuals are selected by the selec-
tion operators. The selected solutions produce new can-
didate solutions by applying recombination and mutation
operators.

Recently, there has been a growing interest in devel-
oping evolutionary algorithms based on probabilistic
models [13], [19]. In this scheme, the offspring popula-
tion is generated according to the estimated probabilistic
model of the parent population instead of using tradi-
tional recombination and mutation operators. The model
is expected to reflect the problem structure, and as a
result it is expected that this approach provides more
effective mixing capability than recombination operators

in the traditional GAs. These algorithms are called prob-
abilistic model-building genetic algorithms (PMBGAs)
or estimation of distribution algorithms (EDAs). In a
PMBGA, better individuals are selected from an initially
randomly generated population like in standard GAs.
Then, the probability distribution of the selected set of
individuals is estimated and new individuals are gener-
ated according to this estimate, forming candidate of
solutions for the next generation. The process is repeated
until the termination conditions are satisfied.

Many studies on PMBGAs have been performed in
discrete (mainly binary) domain and there are several
attempts to apply PMBGAs in continuous domain.
However, a few studies on PMBGAs in permutation
representation domain are found. According to [Pelikan
99b], these PMBGAss in binary string representation can
be classified into three classes depending on the com-
plexity of models they use; (1) no interactions, (2)
pairwise interactions, and (3) multivariate interactions.
In models with no interactions, interactions among vari-
ables are treated independently. Algorithms in this class
work well on problems which have no interactions
among variables. These algorithms include the PBIL [1],
cGA [8], and UMDA [11] algorithms. In pairwise inter-
actions, some pairwise interactions among variables are
considered. These algorithms include the MIMIC algo-
rithm [6], the algorithm using dependency trees [2]. In
models with multivariate interactions, algorithms use
models that can cover multivariate interactions. Al-
though the algorithms require increased computational
time, they work well on problems which have complex
interactions among variables. These algorithms include
ECGA [9] and BOA [12, 14].

Studies to apply PMBGAs in continuous domains
have also been made. These include continuous PBIL
with Gaussian distribution [15] and a real-coded variant
of PBIL with iterative interval updating [15]. The
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UMDA and MIMIC were introduced in continuous do-
main. All above algorithms do not cover any interactions
among the variables. In EGNA [10], a Gaussian network
learns to estimate a multivariate Gaussian distribution of
the parent population. In [3], two density estimation
models, i.e., the normal distribution, and the histogram
distribution are discussed. These models are intended to
cover multivariate interaction among variables. In [4], it
is reported that the normal distribution models have
shown good performance. In [5], a normal mixture
model combined with a clustering technique is intro-
duced to deal with non-linear interactions. In [20], an
evolutionary algorithm using marginal histogram models
in continuous domain was proposed.

A study on PMBGASs in permutation domain is found

in [18]. In it, PMBGAs are applied to solving TSP using
two approaches. PMBGAs are also applied to solve job
shop scheduling problems and graph matching problems
[19]. Previous study [21] proposed an approach of
PMBGAs in permutation representation domain, focus-
ing solving the Traveling Salesman Problem (TSP) and
compared its performance with traditional recombina-
tion operators. In the approach, we developed a symmet-
rical edge histogram matrix from the current population,
where an edge is a link between two nodes in a string.
We then sample nodes of a new string according to the
edge histogram matrix. We called this method the edge
histogram based sampling algorithm (EHBSA). We pro-
posed two types of EHBSAs, edge histogram based sam-
pling algorithm without template (EHBSA/WO) and
edge histogram based sampling algorithm with template
(EHBSA/WT).The results showed EHBSA/WT worked
fairly well on the test suit taken from TSPLIB.
In this paper, we extend the EHBSAs to solving flow
shop scheduling problem, a typical well known problem
in the area of scheduling. In a flow shop problem, each
string represents a sequence of jobs to be processed. For
example, string s = {1, 2 3, 0} means that job 1 is first
processed, then jobs 2, 3, and 0 follows in this sequence.
In this case, there are four edges, i.e., 1->2, 2->3, 3->0,
and 0->1. Thus in the flow shop problem, each edge is
directional and the edge histogram model becomes
asymmetrical. This is a big difference from previous
study in [21]. In Section 2 of this paper, the EHBSA is
described. The empirical analysis is given in Section 3.
Section 4 concludes the paper.

2. EDGE HISTOGRAM BASED SAMPLING
ALGORITHM FOR FLOW SHOP SCHEDULING

This section describes how the edge histogram based
sampling algorithm (EHBSA) can be used to (1) model
promising solutions and (2) generate new solutions by
simulating the learned model.

2.1 The basic description of the algorithm

An edge is a link or connection between two nodes and
has important information about the permutation string.
Some crossover operators, such as Edge Recombination
(ER) [25] and enhanced ER (eER) [24] which are used
in traditional two-parent recombination, use the edge
distribution only in the two parents string. The basic
idea of the edge histogram based sampling algorithm
(EHBSA) is to use the edge histogram of the whole
population in generating new strings.

The algorithm starts by generating a random
permutation string for each individual population of
candidate solutions. Promising solutions are then
selected using any popular selection scheme. An edge
histogram matrix (EHM) for the selected solutions is
constructed and new solutions are generated by
sampling based on the edge histogram model. New
solutions replace some of the old ones and the process is
repeated until the termination criteria are met.

2.2 Developing edge histogram matrix for flow shop
scheduling

Previous study [21] proposed a symmetrical edge histo-
gram matrix. In this paper, we represent it as EHM to
distinguish an asymmetrical edge histogram matrix. In
scheduling problem, an edge in a string is directional.
Thus, we must consider an asymmetrical edge histogram
matrix EHM,, .

Let string of kth individual in population P(7) at gen-
eration ¢ represent as s =(w (0), w (1), ..., W (L-1)).
(' (0), @ (1), ..., and 7",(L-1)) are the permutation of (0,
1, ..., L-1) representing a possible job sequence, where L
is the length of the permutation.

An asymmetric edge histogram matrix EHM, (¢')
(i,j =0,1, .., L-1) of population P(f) consists of L? ele-
ments as follows:

g == N t [P .
e :gakzla‘,.,j(sk)w ifi ) 0
I 0 ifi=j
where N is the population size, Sil.(s’k) is a delta function
defined as
1 if Jn[he{0],---L-1}
axp(h)y=inmy((h+1)mod L) = j] (2)
L0 othersise
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and € (¢> 0) is a bias to control pressure in sampling
nodes just like those used for adjusting the selection
pressure in the proportional selection in GAs. The aver-

age number of edges of element e/, (i) in EHM,, is

(A)



LNAL>-L) = N/(L-1). So, ¢is determined by a bias ratio
B_. (B_.>0) of this average number of edges as

ratio
N
ratio (3 )

e=——2~R
L-1
A smaller value of B, reflects the real distribution

of edges in sampling of nodes and a bigger value of B

ratio
will give a kind of perturbation in the sampling. Exam-

ple of EHM ' and EHM,,| are shown in Fig. 1.

2.3 Sampling methods

In this subsection, we describe how to sample a new
string from the edge histogram matrix EHM,'. As for
EHM») in [21], we use two types of sampling methods,
edge histogram based sampling algorithm without tem-
plate (EHBSA/WO), and edge histogram based sam-
pling algorithm with template (EHBSA/WT).

2.3.1 Edge histogram based sampling algorithm without
template (EHBSA/WO)

In a symmetrical edge histogram matrix such as for the
symmetrical TSP, the absolute positions (loci) of a string
have no meaning. For example, string s, = (0, 1, 2, 3, 4)
and string s, = (4, 0, 1, 2, 3) represent the same tour.

However, in scheduling problems, these two string rep-
resent completely different two solutions. Thus, we must
consider how to determine the initial position and what
node we assign to the position. In this paper, we propose
two types of EHBSA/WO, EHBSA/WOIl and
EHBSA/WO?2.

a) EHBSA/WOI: Let us represent a new individual per-
mutation by c[]. In EHBSA/WOI, the initial position is
always the first position, i.e. ¢[0]. The value for c[0] is
taken from a pseud template individual PT[] which is
taken from current population P(f) randomly, and a new
individual permutation c[] is generated straightforwardly
as follows:

1. Set the position counter p < 0.
2. Choose a pseud template P7T] from P(z) .
3. Obtain first node as ¢[0] < PT]0].

sh=(0, 1, 2, 3, 4) 0 3.121 21 3.1
sh=(1, 3, 4,2, 0) 31 0 41 3.10.1
s,=(3, 4,2, 1, 0) 2141 0
s'y=(4,0,3,1,2) 213111 0 41
s.=(2, 1,3, 4 0) 310131410
5 > ’ L]

@) P(1) (b) EHM g

4. Construct a roulette wheel vector rw[] from EHM,, |
asrwljl=e,, (=0, 1, .., L-1).

5. Set to 0 previously sampled nodes in rw (rw[ c[i] | =
0 fori=0, 1, .., p).

6. Sample next node c[p+1] with probability

rw[x]/ af;‘) rwlj] using roulette wheel rw[].

7. Update the position counter p < p+1.
8. If p<L-1, go to Step 4.
9. Obtain a new individual string c[].

b) EHBSA/WO2: In EHBSA/WOI, the initial sampling
position is fixed to 0. On the other hand in
EHBSA/WO?2, the initial sampling position is chosen
from [0, L—1] randomly as follows:
1. Obtain random initial sampling position p, .. from
[0, L-1].
2. Choose a pseud template P7T] from P(z) .
3. Obtain first node as c[p, ., ] < PTp

4. Set the position counter p < p

nitial

initial]'
initial®
5. Construct a roulette wheel vector rw[] from EH.

asrwljl=e (=0, 1, .., L-1).
6. Set to 0 previously sampled nodes in rw (rw[ c[i] | =
O for i :pinitial’ (pinitial+l) mOd L’ R p)

7. Sample next node c[(p+1) mod L] with probability

t
(A)

rw[x]/ aj;(l) rw|[j] using roulette wheel rwf[].

8. Update the position counter p «<— (p+1) mod L.
9.If (ptl)mod L# p, ., g0 to Step 5.
10. Obtain a new individual string c[].

2.3.2 Edge histogram based sampling algorithm with
template (EHBSA/WT)

EHM,, " described in Section 2.2 is in a marginal edge
histogram. It has no graphical structure. EHBSA/WT is
intended to make up for this disadvantage by using a
template in sampling a new string, and is the same with

EHBSA/WT proposed for EHM " in [21]. In generating

each new individual, a template individual is chosen
from P(¢) (normally, randomly). The »n (n>1) cut points
are applied to the template randomly. When » cut points

0 2.051.05 2.05 0.05
1.05 0 2.05 2.05 0.05

1.1 3.1 1.05 2.05 0 1.05 1.05

0.05 1.05 0.05 0 4.05
3.05 0.05 2.05 0.05 0

(c) EHM,,

Fig. 1. Examples of symmetrical and asymmetric edge histogram matrices for N =5, L =5, By, = 0.04



are obtained for the template, the template should be
divided into n segments. Then, we choose one segment
randomly and sample nodes for the segment. Nodes in
other n—1 segments remain unchanged. We denote this
sampling method by EHBSA/WT/n. Since average
length of one segment is L/n, EHBSA/WT/n generates
new strings which are different L/n nodes on average
from their templates. Fig. 2 shows an example of
EHBSA/WT/3. In this example, nodes of new string
from after cut[2] and before cut[1] are the same as the
nodes of the template. New nodes are sampled from
cut[1] up to, but not including, cut[2] based on the
EHM,,.

The sampling method for EHBSA/WT/n is as fol-
lows:

1. Choose a template 7T] from P().

2. Obtain sorted cut point array cut[0], cut[1], .., cut[n—
1] randomly.

3. Choose a cut point cut[/] by generating random
number /e [0, n—1].

4. Copy nodes in 7] to c[] from after cut[(/+1) mod ]
and before cut[/].

5. Set the position counter p < cut[/]-1.

6. Construct a roulette wheel vector rw[] from EHM , |
asrwljl=e, (=0, 1, .., L-1).

7. Set to 0 copied and previously sampled nodes in
rw[] (rw[ c[i] 1= 0 for i =cut[(/+1) mod n], .., p) .

8. Sample next node c[(p+1) mod L] with probabil-

ity rw[x]/ af;‘) rwl j] using roulette wheel rw(].

9. Update the position counter p < (p+1) mod L.
10. If (p+1) mod L = cut[(I+1) mod ], go to Step 6.
11. Obtain a new individual string c[].

3. EMPIRICAL STUDY
3.1 Experimental methodology

3.1.1 Evolutionary models
Evolutionary model is the same as the model used for

cut[0] cut[1] cut[2]

segment0 segmentl segment2

template 7]

] —

Fig. 2. An example of EHBSA/WT/3

symmetrical EHM g in [21] as follows:
(1) Evolutionary model for EHBSA/WT: Let the popula-
tion size be N, and let it, at time ¢, be represented by P(?).
The population P(¢#+1) is produced as follows (Fig. 3):

1. Edge distribution matrix EHM,, ' described in Sub-
section 3.2 is developed from P(7).

2. A template individual 7T] is selected from P(f) ran-
domly.

3. EHBSA/WT described in Subsection 3.3.2 is per-
formed using EHM,,/ and TT], and generate a new
individual c[].

3. The new c[] individual is evaluated.

4. If ¢[] is better than TT], then TT] is replaced with ¢[],

otherwise 7T] remains, forming P(¢+1).

(2)  Evolutionary model for EHBSA/WOIl and
EHBSA/WO2: Evolutionary model for EHBSA/WO is
basically the same as the model for EHBSA/WT except
EHBSA/WO uses a pseudo template P7T].

(3) Evolutionary model for two-parent recombination
operators: To compare the performance of proposed
methods with the performance of traditional two-parent
recombination operators, we designed an evolutionary
model for two-parent recombination operators. For fair
comparison, we design it as similar as possible to that of
the EHBSA. We generate only one child from two par-
ents. Using one child from two parents is already pro-
posed for designing the GENITOR algorithm by
Whitley et al. [25]. In our generational model, two par-
ents are selected from P(#) randomly. No bias is used in
this selection. Then we apply a recombination operator
to produce one child. This child is compared with its
parents. If the child is better than the worst parent, then
the parent is replaced with the child.

3.1.2 Flow shop problems and performance measures

General assumptions of flow shop scheduling problems
can be described as follows: Jobs are to be processed on
multiple machines sequentially. There is one machine at

P(1)

l=t+1k W T

EHM
¢ HAL
Select better one
T jfe————

Fig. 3. Evolutionary model for EHBSA/WT



each stage. Machines are available continuously. A job
is processed on one machine at a time without preemp-
tion, and a machine processes no more than one job at a
time. In this paper, we assume that L jobs are processed
in the same order on m machines. This means that our
flow shop scheduling is the L-job and m-machine se-
quence problem. The purpose of this problem is to de-
termine the sequence of L jobs. This sequence is denoted
by a permutation string of {0, 1, ..., L-1}. The problem
to find a permutation which minimizes the makespan
(i.e., the completion time of all jobs).

As test problems, we generated two flow shop sched-
uling problems, 20-job and 10-machine, and 30-job and
10-machine. In design each problem, we specified the
processing time of each job at each machine as an ran-
dom integer in the interval [1, 99].

We compared EHBSA with popular order based two-
parent recombination operators, namely, the original
order crossover OX [23], the enhanced edge recombina-
tion operator eER [24], and the partially mapped cross-
over [7]. Ten (10) runs were performed. Each run con-
tinued until the population was converged, or evalua-
tions reached E_ . Values of £ were 200000. The

performance is measured by the minimum makespan in
ten run (Best) and average of makespans in ten runs
(Aver). Population sizes of 60, 120, 240 were used for
EHBSA, and 60, 120, 240, 480,960 for other operators,
respectively. As to the bias ratio B_. in Eq. 3, a B

ratio ratio

values of 0.05 was used.

3.1.3 Blind search

In solving scheduling problems using GAs, mutation
operators play an important role. Several types of muta-
tion operators are proposed. Also, it is well known that
combining GAs with local optimization methods or heu-
ristics greatly improve the performance of the algo-
rithms. However, in this experiment, we use no mutation
and no heuristic to see the pure effect of applying pro-
posed algorithms. Thus, the algorithm is a blind search.

3.2 Empirical analysis of results

Results on 20-job and 10-machine problem are shown in
Table 1. EHBSA/WO1 and EHBSA/WO2 showed obvi-
ously worse performance compared with EHBSA/WT
and other two-parent recombination operators. We can
see that there is no meaningful difference between
EHBSA/WO1 and EHBSA/WO2. As was found in [21]
with TSP, EHBSA/WT shows much better performance
than EHBSA/WO. EHBSA/WT/5 with N = 60 found the
minimum makespan (1519). In the other operators, PMX
showed good performance. The minimum makespan of
PMX with N = 960 was 1520. OX also showed good
performance showing Best = 1520 with N = 480. eER

which showed good performance in TSP [21] showed
poor performance in this problem. Comparing the per-
formance of EHBSA/WT with other operators,
EHBSA/WT is almost the same with PMX and OX. One
big difference between EHBSA/WT and PMX/OX is
that EHBSA/WT requires a smaller population size to
work than PMX/OX.

Results on 30-job and 10-machine problem are
shown in Table 2. Performances of EHBSA/WT is much
better than EHBSA/WO. Comparing the performance of
EHBSA/WT with other operators, EHBSA/WT is al-
most the same with PMX and OX again showing that
EHBSA/WT requires a smaller population size to work
than PMX/OX.

From the results described above, we can see that
EHBSA/WT/n works fairly well in flow shop problems
used developed in this paper. It has almost the same per-
formance  with  popular traditional two-parent
recombination operators, OX and PMX, and has much
better performance than eER. One interesting feature of
EHBSA/WT/n is that it requires smaller population size
than traditional two parent recombination operators.
This may be an important property of EHBSA/WT/n. In
our experiments, we used a blind search. When we com-
bine EHBSA/WT/n with some heuristics, it would work
well with a smaller population size. As to the number of
cut points », n values of 3, 4, and 5 worked well in these
problems.

4. CONCLUSIONS

In this paper, we have proposed a probabilistic model-
building genetic algorithms (PMBGASs) in permutation
representation domain using the flow shop problem, a
typical, well-known optimization problem in permuta-
tion domain and compare its performance with tradi-
tional recombination operators. In this approach, we
developed an edge histogram model from the current
population.

Three types of sampling algorithms, EHBSA/WO1,
EHBSA/WO2, and EHBSA/WT were presented. The
results showed EHBSA/WT worked fairly well with a
smaller size of population on the test problems used. It
also worked better than well-known traditional two par-
ent recombination operators. Thus, we can confirm that
the EHBSA works well also on the flow shop problems
which need an asymmetrical edge histogram.

There are many opportunities for further research re-
lated to the proposed algorithms. The effect of parameter
values of B_, , number of cut point of the template #,
and size of population N, on the performance of the al-
gorithm must be further investigated. We experimented
with EHBSAs using a blind search to test the pure mix-
ing capability of the proposed algorithms. But we must



Table 1. Results on 20-job and 10-macchine problem

Population Size N
Model 60 120 240 480 960
Best Aver | Best | Aver | Best | Aver | Best | Aver | Best | Aver
EHBSA/WOI1 1612.0 | 1635.0 | 1606.0 | 1633.1 | 1622.0 | 1634.3
EHBSA/WO2 1611.0 | 1623.8 | 1611.0 | 1623.5 | 1596.0 | 1627.6
EHBSA/WT/2 1520.0 | 1523.5 | 1523.0 | 1529.5 | 1521.0 | 1530.6
EHBSA/WT/3 1521.0 | 1524.5 | 1520.0 | 1526.7 | 1523.0 | 1532.5
EHBSA/WT/4 1521.0 | 1525.7 | 1524.0 | 1528.8 | 1523.0 | 1529.9
EHBSA/WT/5 1519.0 | 1528.8 | 1521.0 | 1530.4 | 1525.0 | 1534.1
0X 1539.0 | 1559.2 | 1523.0 | 1545.5 | 1527.0 | 1536.6 | 1520.0 | 1526.9 | 1523.0 | 1527.8
eER 1575.0 | 1593.3 | 1589.0 | 1597.8 | 1594.0 | 1602.3 | 1589.0 | 1604.5 | 1602.0 | 1617.5
PMX 1526.0 | 1562.0 | 1528.0 | 1540.8 | 1523.0 | 1532.4 | 1523.0 | 1530.2 | 1520.0 | 1522.4
Table 2. Results on 30-job and 10-macchine problem
Population Size N
Model 60 120 240 480 960
Best Aver | Best | Aver | Best | Aver | Best | Aver | Best | Aver
EHBSA/WOI1 2243.0 | 2272.0 | 2240.0 | 2275.4 | 2251.0 | 2285.3
EHBSA/WO2 2257.0 | 2278.3 | 2262.0 | 2282.4 | 2259.0 | 2286.5
EHBSA/WT/2 2097.0 | 2113.8 | 2117.0 | 2124.4 | 2117.0 | 2136.6
EHBSA/WT/3 2089.0 | 2110.8 | 2104.0 | 2116.8 | 2117.0 | 21259
EHBSA/WT/4 2096.0 | 2110.7 | 2111.0 | 2117.4 | 2115.0 | 2123.5
EHBSA/WT/5 2089.0 | 2109.7 | 2103.0 | 2116.8 | 2108.0 | 2124.3
0X 2129.0 | 2150.1 | 2111.0 | 2123.2 12095.0 | 2117.1 | 2087.0 | 2108.7 | 2113.0 | 2131.9
eER 2194.0 | 2225.7 | 2203.0 | 2227.1 | 2208.0 | 2233.8 | 2217.0 | 2245.4 | 2226.0 | 2256.0
PMX 2109.0 | 2139.3 [2112.0 | 2118.6 | 2100.0 | 2114.0 | 2087.0 | 2098.0 | 2100.0 | 2114.2

space, Tech. Rep. No. CMU-CS-97-107, Carnegie Mellon

test the algorithms with appropriate heuristics in prob-
lems with large numbers of cities.
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