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Abstract

In real-coded genetic algorithms, some crossover operators do not work well on functions which
have their optimum at the corner of the search space. To cope with this problem, we have proposed
aboundary extension methods which allowsindividualsto belocated within alimited space beyond
the boundary of the search space. In this paper, we give an analysis of the boundary extension
methods from the view point of sampling bias and perform a comparative study on the effect of
applying two boundary extension methods, namely the boundary extension by mirroring (BEM) and
the boundary extension with extended selection (BES). We were able to confirm that to use sampling
methods which have smaller sampling bias had good performance on both functions which have
their optimum at or near the boundaries of the search space, and functions which have their optimum
at the center of the search space. The BES/SD/A (BES by shortest distance sel ection with aging) had
good performance on functions which have their optimum at or near the boundaries of the search
space. We also confirmed that applying the BES/SD/A did not cause any performance degradation
on functions which have their optimum at the center of the search space.

1. Introduction

In recent years, many researchers have concentrated on using real-valued genes in genetic algorithms (GAS).
It isreported that, for some problems, real-valued encoding and associated techniques outperform conventional
bit string approaches [Davis, 91], [Eshelman 93], [Wright 91], [Janikow 91], [Surry 96], [Ono 97, 99]. The
theoretical studies of real-coded GAs have aso been perfomed [Goldberg 91], [Crossman 92], [Eshelman 93],
[Qi 94a, b.

Previous studies [ Tsutsui 98, 99] have proposed several types of multi-parent recombination operators for
real-coded GAs. These operators did not work well on functions which have their optimum at or near the
boundaries of the search space. To cope with this problem, a method was proposed which allows individuals
to be located within alimited space beyond the boundary of the search space [ Tsutsui 98]. The functional value
of individualslocated beyond the boundary of the search space was set to be the same as that of the point they
map to by mirror reflection across the boundary. This method was called boundary extension by mirroring
(BEM). With thismethod, the performance of multi-parent recombination operatorsimproved in the test functions
which have their optimum at or near the boundary of the search space. BEM improved in the performance of
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two-parent recombinations in functions which have their optimum near the boundary of the search space.

Anothor study [Tsutsui 00] proposed boundary extension method boundary extension with extended
selection (BES) and presented a preliminary study onit. Inthe BES, virtual individuals are al so produced inside
the extended space. They are included in the population up to a defined maximum number using distance
mesasure to the eliteindividual to select virtual individuals. No functional values of virtual individuals are used
in this method. In this paper, we give an analysis of these boundary extension methods from a view point of
sampling bias and do a comparative study on the effect of applying these methods to test functions which have
their optimum at or near the boundary of the search space using a traditional two-parent recombination
operator for real-coded GAs.

In the remainder of this paper, first we do an analysis of the sampling bias of crossover operators for real
coded GAsin Section 2. In Section 3, we describe previously proposed boundary extension methods and
propose an extension of the BES and analyze these methods. Then, in Section 4, empirical results and their
analysis are given. Future work is discussed in Section 5. Finally, concluding remarks are made in Section 6.

2. Sampling Bias

For functions which have their optimum at or near the boundary of the search space, the possibility that a
recombination operator generates offspring around the optimum point decreases because a portion of the
feasible offspring space located beyond the boundary of the search space is cut away.

To seethisbias, we provide an analysisusing BL X-a operator [ Eshelman 91]. Other recombination operators
for real coded GAs such as UNDX [Ono 97], multi-parent recombination operators[Tsutsui 98], SPX [Tsutsui
99] also have thiskind of bias. An analysis of sampling bias was done from a different angle in [Eshelman 97],
[Kita99).

Here, for simplicity, without loss of generality, we consider one dimensional search space X:

X ={X; Xpin € X< X} D

and one-dimensional BL X-a operator asshown in Fig. 1. BLX-a uniformly picks new individuals with values
thatliein[l-al, 1+al] , where x, and x, are two parents. We must notethat e, or e, in Fig. 1 must be betweenx
andx . Here, we consider three types of sampling methods, type 1, type 2, and type 3 samplings.

I
Xnin €

al

Xmax

| al
o |
| | |
X X &

BL X-a uniformly picks new individuals with
values tha liein [la 1, 14 1], where x; and x,
are two parents.

Fig.1 BLX@a

(1) Typelsampling
Type 1 sampling repeats sampling until offspring becomes feasible as follows:
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B +ux(e,—€):if X, SYS X
Y= Erepeat sampling : otherwise, @

where
& =X —ax (X, = %)
& =X, +ax(X, = X)
X, X, :two parents ©)
u :uniform random number [1[0.0,1.0].
If sampled point is out of the search space, sampling is repeated until it becomes feasible.

Here, we assume that parents are distributed uniformly intherangeof [x . , x ] and two parents x, and x, are

min’

randomly picked up independently as

X = Vi % (Xmax = Xmin)
X3 :VZX(XmGX _Xmin)’ (4)
vy, V, : uniformrandom number J{0.0,1.0].

Fig. 2 (p,(y) ) shows the the probability density function (p.d.f.) of offspring y with avalue of 0.5. From this
figure, we can see that the sampling is biased toward the center of the search space as the number offspring
produced around boundary of the search space are fewer than the number of offsprings produced around
center of the search space.

Following type 2 and type 3 sampling are intended to reduce the sampling bias observed in the sampling
1

(2) Type2sampling
An offspring y is sampled from the adjusted space so that it is always feasible as follows:
y=€+ux(€,-¢€)), ©)

where

H Xmin : Q < Xmiﬂ
eli (l :112) = Exmax Q > XmaX (6)
H g :otherwise.

(3) Type3sampling
Let c be the center of two parentsx, and x, as
C= (X Hx;)/2. (7

Then, an offspring is sampled as follows:

_ e, tu x(c—€,):if u, 205
y O c+u,x(e,—c):if u, <0.5, ®
u,, U, : uniform random number (1[0.0,1.0],
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where €, and €, are obtained from Eq. (3).

p,(y) and p,(y) inFig. 2 show the p.d.fs of offspring y for Type 2 and 3 samplings, respectively. The
sampling biases of type 2 and 3 samplings are reduced compared with the sampling bias of type 1. But an
amount of bias still remains. Thus the number of offspring produced around the boundary of the search space
is fewer than the number of offspring produced around center of the search space.
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Fig. 2 Sampling biasesin BL X-0.5for type1, 2, and 3 sampling, respectively

3. Boundary Extension M ethods

Boundary extension methods discussed in this section are introduced to cope with the performance sampling
bias of recombination in real coded GAs.

3.1 Boundary extension by mirroring (BEM)
In the BEM (boundary extension by mirroring) method proposed in [Tsutsui 98], we allow individualsto be
located within alimited space beyond the boundary of the search space, as shown in Fig. 3. The functional
values of individual s located beyond the boundary of the search space (virtual individuals) are calculated asif
they arelocated inside of the search space by setting the boundary as the mid-point of amirror-image reflection
and calculating the reflected point within the boundary. The functional value of offspring with real valueyis
obtained as within the boundary. We introduced an extension rate r_ (0<r <1) to control how much of the
search space should be extended beyond the boundary. The search space is centered in a space extended by
afactor of 1+r_along each dimension. The functional value of offspring with real valuey is obtained as

fly) =1(y), 9

where
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2 X Xin = Y 1 Y < X
Y =X X — YT Y > X (10)
E y  :otherwise

and x, and x__ arethelower and upper limits of the search space.

Fig. 4 shows an example of sampling biasinthe BEM using type 2 sampling. Ther_valueof 0.5isused and
parents are assumed to be distributed uniformly in the range of [x , , X 1. p(y) shows the p.d.f of sampled
offspring in the range [x_ . , . 1. p'(y) shows the p.d.f of sampling points whose functional values are
evaluated intherangeof [x ., x ], i.e,thep.d.f of offspring generated intherangeof [x ., X ]+ through
mirror-image reflection of the virtual offspring. Although thisis arough estimate, we can see a certain degree
of reduction of the sampling bias.

9
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Fig. 3Boundary extenson by mirroring(BEM)

14 — py)
1.2 — Py

3 ;: Y/ N
Wl \

0.2 / \

0.0
-0.25 0.00 0.25 0.50 0.75 1.00 1.25

X X X X

e-min min max e-max

Fig. 4 Sampling biasin BEM
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3.2 Boundary extension with extended selection (BES)
Inthe BEM in Section 3.1, afunctional value of each virtual individual is calculated according to Egs. (9) and
(10) and each functional value is used in the selection operator. If we use an extended selection that allows us
to select anumber of virtual individuals as members of the new population without calculating their functional
values, we may expect to get asimilar effect on the BEM. We call this method BES

Inthe BES, virtual individuals are also produced inside the extended space definedrin the BEM. We call
virtual individualsthat areincluded in the popul ation by an extended selection hel per individuals. We introduce
acontrol parameter r, (0O<r, <1), thehelper individual rate, that definesthe maximum number of virtual individuals
which areincluded in the population (Figs. 5). Let N, V, and N, bethe population size, the total number of virtual
individuals generated, and the number of helper individuals, respectively. Then, N, is determined as

O V :ifV<Nxr,

N, =
" E[\lxrh:otherwise. (11)

If the total number of virtual individuals generated is smaller than Nx r , then we select all the existing virtual
individuals as helpers. But if it is greater than Nx r,, we select helper individualsup to N =Nx r, . For the later
case, we must define the method to select Nx r, helper individuals fromV virtual individuals. In the population,
feasible and helper individuals are shuffled for recombination, and thus the hel per individuals would help to
produce more offspring around the boundary of the search space (Fig. 6).

Nxr -

Number of virtud individuas generated

Fig. 5Number of virtual individualsto be sdected

paopulation
A
. fgegible N-Nxr,
individuals
N
helper N, N xry,
individuals * 4

Fig. 6 Boundary extension with extended selection (BES).
Feasibleand helper individualsar e shuffled for recombination.
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Fig. 7 An exampleof sampling biasin the BES

Now let's see the sampling bias of BES under a special situation as follows: The feasible individuals are
distributed uniformly intherangeof [x . +L/2, X _ ] and helper individuals are distributed uniformly inthe range
of [X .. X 10.25x L], where, L=x__-X ., with ahelper rate of r =0.5, and an extension rate of r_= 0.5. This
situation implicitly expects more offspring to be generated around the x __ zone. Fig. 7 showsthe sampling bias
in this situation using type 3 sampling, and we can see the sampling bias, in that many feasible offsprings are
sampled around X__ .

We can consider several methodsto select N, helpersfrom V virtual individuas. In this study, we propose
the following two methods. Here, note that we can use any type of traditional selection operatorsto select N-
N, feasible (non-virtual) individuals.

X

min’

(1) BESby shortest distance selection (BES/SD)
In BES by shortest distance selection (BES/'SD), Nx r, helpers are selected as follows: Wefirst find the elite

extended search space search gace
__4/______Sp_/__5_p_
[N}

: the diteindividual

: feasibleindividual sdected

: feasibleindividual not sdected

- helper: virtual individual selected
:virtua individual not selected

OmoOe@,

Fig. 8Boundary extension with extended selection (BES/SD)
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individual (i.e. individual which has the highest functional value) from the feasible individuals. Next, we
calculate the Euclidean distance between each virtual individual and the eliteindividual. Then, weselect Nx r,
helper individuals that are nearest to the eliteindividual (see Fig. 8).

(2) BESby shortest distance selection with aging (BES/SD/A)

In the preliminary study in (Tsutsui 2000), the BES/SD showed relatively fair performance on thetest functions
which have their optimum at or near the boundary of the search space. But adlight performance degradation
was observed on the test functions which have their optimum in the center of the search space. Thiswould be
because we allow helper individuals to survive through continuous generations if the distance condition is
satisfied. In fact, when we solve a problem, we do not know whether the solution is around the boundary or
center of the search space.

In the BES/SD/A, we introduce the scheme of aging of individuals similar to that proposed in [Ghosh 97].
When avirtual individualsis selected asahelper i, itsagea is set to zero (0). When it is mated with another and
it produces offspring, a increasesby 1. If a reaches amaximum defined age k , the helper i isremoved from the
population. For a problem which has its optimum around the center of the search space, the number of helper
individuals may decrease. Thus, the number of offspring produced around the boundary of the search space
becomes small and we can expect reduced performance degradation on the problemswhich have their optimum
around center of the search space.

4. THE EXPERIMENTS

4.1 Experimental methodology
To evaluate proposed boundary extension methods, we ran areal-coded GA. The experimental conditions
were asfollows.

(1) Boundary extension methods
Wetest the BEM, the BES/SD, and the BES/SD/A. The effect of these methods was evaluated for extension rate
r,= 0.3, helper individual ratior, = 0.5. For the BES/SD/A, we evaluated for maximum agek =1, 2, 3, 4.

(2) Crossover and mutation operators
For crossover, we use BLX-a with type 1 and type 2 samplings in Section 2. Here note type 1 sampling has
greater sampling bias than type 2 sampling. The a value of BLX-a is0.5for all functions.

We use asimple static Gaussian mutation. Thei-th parameter x of an individual in I(t) is mutated by

XiI =X + N(O,Ul) (11)

with amutation rate of p_, where N(0,0) is an independent random Gauss an number with amean of zero and
standard deviation of g. Inthisstudy, o isfixed to (max; - min)/2and p_isfixed to 0.2/nfor al experimentswhere
min, and max, are the lower and upper limits of the parameter range on the i-th dimension of the search space.

(3) Basicevolutionary mode
The basic evolutionary model we used in these experimentsis similar to that of the CHC [Eshelman 91] and
(u+A)-ES [Schewefel 95]. Let the population size be N, and let it, at time t, be represented by P(t). The
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Tablel. Test Functions

: ' ' position of
function range of X; Ax; the optimum
5
Fa=> B0 [-5.12,511]| 0.01 cor ner
1=1
10
Fotwes = » ~ X sin(yx) [-512,511] | 1.0 cor ner
=1
20
Fu-Rastrigin = 20 %10+ %' (x? —10cos(2r; )) [0.0,5.11] 0.01 cor ner
=1
20
Fut-sphere = X2 [0.0, 5.11] 0.01 cor ner
1=1
20
Frastigin = 20x10+ ) (x7 -10cos2r)) [ [-5.12,5.11]| 001 | center
i=1
20
Fopnae = 3 X [-5.12,5.11] | 0.01 center
1=1

population P(t+1) is produced as follows: A collection of N/2 pairsisrandomly composed, and crossover is
then applied to each pair, generating N offspring which are placed in atemporal pool I(t).

For the BEM, the individual s are ranked and the best N from the 2x N in P(t) and I(t) are selected to form
P(t+1). For the BES, theindividuals are ranked and thebest N - N, fromthe2x N - V of feasibleindividualsin
P(t) and I(t) are selected, and N, of helper individuals from V of virtual individualsin P(t) and I (t) are selected.
In either case, the best solution obtained so far is alwaysincluded in P(t+1).

(4) Test Functions

We selected test functions which are commonly used in the literature and have their optimum at or near the
boundaries of the search space, which includes the De Jong F,, 10-parameter Schwefel (F, ..), modified 20-
parameter Rastrigin (F,, astrigin), original 20-parameter Rastrigin (F,, astrigin) , 20-parameter sphere function Fenerer
and modified 20-parameter sphere function Fyt-sphere (Table1). F,, . trigin and Fi-cphere A€ modified so that its
optimum is located just at the corner of the search space. Original F, strigin and 20-parameter sphere function
F opnere Were used to see the side effect of applying the boundary extension methods.

F, isadiscontinuous function with agloba minimumin therange x 0[-5.12, -5.0) fori = 1,...,5,i.e,, inone
scrweres 1S @ Multimodal function and the global minimum is at
(420.968746,...,420.968746), very closeto one corner of the search space. F,, cetigin isalso amultimoda function
and the global minimumisat (0,...,0), in just one corner of the search space. F isaunimodal function and

M-Sphere
the global minimumisat (0,...,0), in just one corner of the search space.

corner of the search space. F

(5) Performancemeasure

We evaluated the algorithms by measuring their #0PT or number of runsin which the algorithm succeeded in
finding the global optimum and MNE or mean number of function evaluationsto find the global optimum in
those runswhereit did find the optimum. We used Ax value asresolution (borrowed from bit string based GAs,
Tablel) to determine whether the optimal solution was found. We defined the successful detection of the
solution as being within Ax range of the actual optimum point. We represented the optimal solution of a

function by (o,,...,0,). If al parameters(x,...,X ) of the best individua arewithin the range[(oj-AxJIZ), (0j+AxJ/2)]

SERLL)
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for all j, we assumed the real-coded GA to have found the optimal solution.

Thirty (30) runs were performed. In each run, the initial population P(0) was randomly initialized in the
original search space. Each run continued until the global optimum wasfound or amaximum of 500,000 function
evaluations was reached. A population size of 400 was used for all functions.

4.2 Analysis of results

Theresults are summarized in Table 2 for (@) type 1 sampling, (b) type 2 sampling, and (c) type 3 sampling,
respectively. Here, "NORMAL" refersto the GA without boundary extension. All runsfound optimal solutions,
i.e, #OPT =30.

First, we look at the difference among three different samplings, i.e., type 1, type 2, and type 3 samplings
with NORMAL GA. Results on functions which have their optimum at or near the boundaries of the search
space (F,, Fo et Fur astrigin’ FM_Sphere) with type 3 sampling were much better than with type 1 and type 2
samplings. On functions which have their optimum at the center of the search space (F, o and Fsphae), these
three samplings showed almost same the performances. Type 3 sampling has a small sampling bias compared
with type 2 and type 3 sampling. So, we may say to use crossover operators which have asmaller sampling bias
isimportant to get high performance since in general we do not know the positions of the optimawhen we solve
agiven problem.

Next, welook at the performance of three boundary extension methods, i.e., the BEM, the BES/SD, and BES/
SD/A. Results with the BEM showed clear performance improvement on functionsF,, F., . F, - cctrigin’ and
Fyt-sphere (exceptonF, . withtype 3 sampling). No meaningful side effect by applying the BEM on functions
F qastrigin and F oherer WS observed. Results with the BES/SD showed bigger performance improvement on
functionsF,, F_, .. F.x cetigin’ and Fyt-sphere thanthe BEM (exceptonF, . withtype 2 and type 3 samplings).
However, as we predicted, performance of the BES/SD on functions F trigin and F conere (which have their
optimum at the center of the search space) showed poorer performance than that of NORMAL . This performance
degradation of the BES/SD arose because in the BES/SD we allowed helper individuals to survive through
continuous generations if the distance condition is satisfied. Thus, helper individuals tended to produce more
harmful offsprings around the boundary of the search space. The BES/SD/A prevents this because each helper
has an age; an individual which has an age greater than k_ is deleted from the population. Thus, the existence
of harmful helper individuals can be reduced. As aresult, no side effect was observed by applying BES/SD/A
on the functions which have their optimum at the center of the search space (F, trigin and Fsphere).

To confirm this, let us observe the changes of number of helper individuals N, in asingle typical run with
BES/SD/A on each function. Fig. 9 shows typical changesin the number of helper individuals (N, ) with the
BES/SD/A for type 3 sampling and k, value of 2 (two). On the functions which have their optimum at or near the
boundaries of the search space (F,, Fo, o Fur cstigin’ FM_Sphere), number of helper individuals N, remained at
200 (Nx r,: upper limit). But on the functions which have their optimum at the center of the search space
(FRastrigin and Fsphae), the value of N, decreased as the generations increased. Thus, in the BES/SD/A, the
number of helper individuals is adjusted in adaptive. Thisis evidence of the effectiveness of BES/SD/A.
Furthermore, the BES/SD/A showed good performance on the functionsF,, F., ... F, - cstrgin’ and F-sphere
(which have their optimum at or near the boundaries of the search space) also. This may due to diversity of
helper individuals would be maintained since each helper individuals has its age. The value of k, = 2 shows
fairly good performance consistently on both functions which have their optimum at or near the boundaries of
the search space, and those which have their optimum at the center of the search space.

Again, the BES/SD/A with k, value of 2 shows afairly good performance. No meaningful performance
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Table 2 Summary of results

(a) with type 1 sampling

boundary extension method

function NORMAL[ 5\ BES/SD BES/SD/A (Ka)
1 2 3 4
F MNE | 145595] 77014 | 6.830.6] 10,7782 | 7,2892] 70116 | 7,0325
3 STD 1,049.0 826.9 o243 | 1,022.0 5489 | 1,219.3 756.8
F MNE | 51,204.9 | 43,864.0 | 46,307.0 | 44,618.7 | 37,284.8| 43,675.3| 47,798.1
Schwefel STD 54543 | 3,049.7 | 9,110.8]| 7,359.1| 8579.4| 12,492.4| 12.029.2
= B MNE [414,271.4 |317,736.6 | 129.488.9 | 362,223.8 [ 236,220.4 | 163,810.3 | 143,400.1
M-Ratrigin STD | 14,2488 14,4105 | 12,630.3 | 21,957.1 | 15804.8 | 14,891.7 | 12,239.7
Fu-snee |MNE [ 6477241 3980431 380848 455424 32,8000 343707 359719
STD 584.6 737.5 049.7 752.9 436.2 790.3 011.7
E MNE [101,852.2 [103,884.5 [206,242.0 [ 108,087.2 [110,583.9 | 125,328.5 [192,033.9
Rastrigin STD | 16,584.0 | 15,618.7 | 36,332.0 | 21,464.1 | 20,627.9 | 27,5652.6 | 67,193.4
= MNE | 38,383.1] 38,6554 | 47,297.5| 37,314.8 | 37,113.6 | 37,5817 | 43,740.2
Sphere STD 764.3 613.9] 1,465.0 822.8| 1,037.5 808.5] 1,516.5
(b) with type 2 sampling
boundary extension method
function NORMAL[ 5\ BES'SD BES/SD/A (K,)
1 2 3 4
F MNE | 14684.7| 7.8488] 69670 11,0197 7.189.7| 69900 | 6,936.2
3 STD 1,394.4 776.5 010.5 783.6 485.9 086.1 844.9
Fectuetd MNE | 49,841.8 | 43,742.2 | 51,377.6 | 44,620.4 | 402845 | 44.638.8 | 47,038.2
STD 6,144.4| 3,305.9| 10,010.1| 9,201.9| 10,458.7 | 13,831.1 | 14.755.1
Fut-recrign | UNE 417,044.9 | 315,846.0 | 127,226.0 | 361,598.0 | 239,429.9 | 167,313.1 | 138,867.2
STD | 15927.1 | 11,1365 11,410.7 | 22,308.1 | 13,333.8 | 15,9102 | 9,646.3
F MNE | 64,923.7 | 39,822.4 | 38,603.0 | 45,765.6 | 32.810.2 | 34,256.8 | 35,961.5
M-Sphere STD 587.4 829.9 751.2 652.1 572.7 728.8 055.0
Restigin MNE |108,552.8 | 107,869.7 | 214,435.6 | 101,140.3 [104.010.5 | 133,907.4 | 180,357.1
STD | 22.008.6 | 19,510.8 | 49,722.9] 17,933.2 | 18,448.1 | 35,939.4 | 45,439.3
E MNE | 38,442.1| 38,726.2 | 47,280.4 | 37,5618 | 37.230.6 | 37,7485 | 43,8185
Sphere STD 738.4 842.4 | 12455 689.3 802.0 643.7] 1,138.6
(c) with type 3 sampling
boundary extension method
function NORMAL BEM BES/SD BES/SD/A (ka)
1 2 3 4
= MNE | 11,190.8] 7,156.0| 6,674.4] 10,6345| 6,569.4] 6,6764| 6,520.6
3 STD 697.2 678.9 9856 1,138.1 5741 ] 1,073.1 824.2
Femera MNE | 39,649.4 | 40,740.0 | 43,567.6 | 39,126.4 | 32,243.0 ] 39,500.5 | 42,192.2
STD 2523.4| 24934| 84663] 7268.1| 73782] 7,263.0| 93511
F - MNE |316,338.0 | 298,957.6 | 118,007.6 | 348,947.4 [ 212,035.8 | 146,432.3 [ 131,514.1
M-Rastign 1T 8,129.4 | 20,054.6 | 12,2439] 21,1825| 14,863.8] 9,992.7 | 12458.7
Fu-sphere MNE | 51,872.1] 36,497.1 | 37,373.9] 45,0749 | 32,004.9 | 33,2340 | 34,765.7
STD 877.3 7515 836.8 668.2 619.5 821.3] 1,000.5
F MNE |109,228.5 | 105,379.4 | 217,493.0 | 101,871.2 | 108,243.6 | 187,949.5 | 170,045.6
Rastrigin STD | 21,273.7] 18,6365 | 58,507.2 | 18,428.4 | 17,803.7 | 54,930.8 | 35,346.2
Fepnere MNE | 38,402.6 | 38,909.5 | 45942.9] 37,400.8 | 37,275.1 ] 39,137.7 | 42,674.2
STD 857.7 807.2] 1,190.8 587.4 747.7 636.3 782.8
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degradation by applying BES/SD/A was observed on the test functions which have their optimum at the center
of the search space. We can a so see a so that the BES/SD/A with type 3 sampling showed better performance

than the BES/SD/A with type 1 and type 2 samplings on the functions in general.
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5. FutureWork

Although resultsin Section 4 showed usefulness of proposed boundary extension methods in real code GAs,
there are many opportunities for further research related to the proposed technique.

(1) Deter mineadequatevirtual region and helper individual sizing

Inthisstudy, we used r_ value of 0.3 to detemine the virtual region and r, value of 0.5 to determine maximum
number of helper individuals. A theoretical analysis to determine the values those parameters remaines to be
investigated. To make clear the relationship between these values and dimension of search space also must be
investigated. Also to devise a self adaptation scheme of these values in accordance with evolution is also

desirabletoredize.
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(2) Deter minewhat problemsaregood test functionsfor thissort of methods

We used several test functions which are commonly used in the literature. The amount of effectiveness of
applying this sort of methods was dependent on these test functions. Thus, we need to study what problems
are boundary extension hard or what problems are easy. The effectiveness might be tightly related with the
fitness landscape of the problems at or near the boundary.

(3) Develop other typesof heuristicsfor special selection
Although we applied the shortest distance method to select helper individuals, using other heuristics also
remainsfor future work, including to combine sharing technique [Goldberg 87] for multi-optimum problems.

(4) Investigate other gener ational modelsand cr ossover operators

In this study, we used asimple (u+A)-ES like generational model and BLX-a crossover operators. Resultswith
other generational models and other crossover operators are expected to be studied to see the generality of the
proposed approaches.

(5) Apply BEM stomoregeneral constrained problems

Boundary extension methods can be seen as constrained problems. The advantage of the BESisthat it does
not use the functional value of each virtual (helper) individual. So, this approach may be applicable to more
general function optimization, such as constrained parameter optimization, where the functional value in non-
feasibleregionsare difficult to calculate [Michalewicz 94].

6. Conclusions

In this paper, we gave an analysis of the boundary extension methods from aview point of the sampling bias
and did a comparative study on the effect of applying three boundary extension methods, namely the BEM, the
BES/SD, and BES/SD/A, to test functions which have their optimum at or near the boundary of the search
space and functions which have their optimum at the center of the search space. We used three types of BLX-
a operators, i.e., type 1 sampling , type 2 sampling, and type 3 sampling, where type 3 sampling has smallest
sampling bias in the three samplings.

First, we were able to confirm that to use sampling methods which have smaller sampling bias had good
performance on both functions which have their optimum at or near the boundaries of the search space, and
functions which have their optimum at the center of the search space.

Next, the BES/SD/A with maximum agek_ vaue of 2 had good performance on functions which have their
optimum at or near the boundaries of the search space. Since each helper individuals has a maximum age,
applying the BES/SD/A did not cause any performance degradation on functions which have their optimum at
the center of the search space. This feature of the BES/SD/A is very useful because when we solve some
function optimization problems, we do not know the position of their optimal point.

Finally, as the remaining challenges discussed in Section 5 are solved, boundary extension methods are
ready for application in real-world problems and further this approach may be applicable to more genera
function optimization, such as constrained parameter optimization.
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