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1 Introduction

One of the most promising research directions that focus on eliminating the drawbacks of fixed,
problem-independent genetic algorithms, is to look at the generation of new candidate solutions
as a learning problem, and use a probabilistic model of selected solutions to generate the new
ones [5,9,10]. The algorithms based on learning and sampling a probabilistic model of
promising solutions to generate new candidate solutions are called probabilistic model-building
genetic algorithms (PMBGASs) [9,10], estimation of distribution algorithms (EDASs) [7], or
iterated density estimation algorithms (IDEAS) [1].

Despite the great success of PMBGASs in the domain of fixed-length discrete and continuous
vectors, only few studies are found for permutation and scheduling problems [1]. More
importantly, these studies take an indirect approach of mapping the permutation problems to
fixed-length vectors of discrete or continuous variables, which in some cases necessitates the
use of repair operators to correct invalid solutions. Tsutsui [12] introduced a promising approach
to use PMBGAs for permutation problems using edge histogram based sampling algorithms
(EHBSA), and showed competitive results on several benchmark instances of the traveling
salesman problem (TSP) and flow shop scheduling problem [13].

In this paper EHBSA has been hybridized with some popular local search heuristics to take
advantage of local search. We tested two types of heuristics; one is a simple heuristic for solving
TSP, called 2-OPT; and the other is a sophisticated one, known as Lin-Kernighan heuristic [4,6].
Experimental evidences show that EHBSA added with these heuristics can solve TSPs even
with thousand of cities (requiring less computation) fairly well; providing a method capable of
solving significantly larger problems. The method is very robust in the sense of detecting global
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optima for a wide variety of population sizes. On the other hand, a combination of the local
heuristics with existing recombination (e.g., OX, PMX, eER) based techniques also show
advantage, but not so reliable and robust. This is due to the fact that they can detect the global
optimum mostly for a bigger population size.

2 Edge Histogram Based Sampling Algorithms: A Brief Overview

Here we brief EHBSAs, and their use for (i) modeling promising solutions, and (ii) generating
new solutions. A set of edges (including all nodes) that generates a path in a graph can be used
as an alternative representation of a permutation of the nodes in the graph. The basic idea of
EHBSA is to collect and exploit information about the presence of edges (frequency of edges) in
the entire population of selected high-quality solutions.

2.1 Edge Histogram Matrix

Let the permutation represented by the k-th individual in a population P(t) of size N, at
generation t, be denoted by s = (7'(0),  w'W(1), ..., T'(L-1)), where ((0), 7' (1), ...,x (L-1))
define a permutation of (0, 1, ..., L-1), and L is the length of the permutation. The edge
histogram matrix EHM" (%)) (i, j =0,1, .., L-1) of the population is symmetrical and consists of
L2 elements. The (i,j)-th element of the matrix is obtained by

RO CHO RO R RS 0
0 ifi=j
where d,j(s‘k) is a delta function defined as
5 j(s;) _ 1 if 3h [_h e{0L---L-BAr, (h)=irz ((h+)modL)=j] | @
' 0 otherwise

and &( > 0) biases the sampling toward random permutations. To have similar selection pressure,

& should be proportional to the expected value of e'i;. Since the average value of €' for i=j in

EHM"is 2LN/(L>-L) = 2N/(L-1), we use

_ 2N
L-1

where Baio (> 0) is a constant related to the pressure toward random permutations. A smaller

value of B, reflects the real distribution of edges in the parent population.

2 Bratio (3)

2.2 Sampling Algorithms

Two algorithms, namely, edge histogram based sampling algorithm without template
(EHBSA/WO) & edge histogram based sampling algorithm with template (EHBSA/WT) were
used for sampling the EHM",
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2.2.1 EHBSA/WO

Let us denote the elements of the permutation, to be sampled, by c[i] for ie{0, 1, ..., L-1}.
EHBSA/WO starts by randomly selecting the initial element of it, denoted by c[0]. Elements are
selected using the roulette-wheel selection algorithm [3]. Let us assume that the last element
generated is c[i]. The new element c[i+1] is set to j (we restrict potential values of j so that
j#c[K] for all ke{0, 1, ..., i}; to avoid creating cycles) with a probability proportional to &',
of EHM". This continues until the entire permutation has been generated. Figure 1 shows the
schematic description of EHBSA/WO.

Set the position counter p « 0.

Obtain first node c[p] randomly from {0, 1,2,....L-1}.

Construct a roulette wheel vector rw[] from EFM' as rw[j] < €', (=0, 1, .., L-1).
Set 0 to previously sampled nodes present in rw[] (rwf[ c[i] ]« 0 for i =0, .., p).
Sample next node c[p+1] with probability ruxj/ 5+ g jj using roulette wheel rwf].
Update the position counter p < p+1. "

If p<L-1, go to Step 3 else stop.

Figure 1: EHBSA/WO

NogkwhE

2.2.2 EHBSA/WT

EHM' gives a marginal edge histogram and has no graphical structure. EHBSA/WT is intended
to make up for this disadvantage by using a template in sampling new individuals. For
generating a new individual, a template individual is chosen from P(t) (randomly). Using n
(n>1) random cut points the template is divided into n+1 segments. We choose one segment
randomly and sample nodes for that segment. Nodes for other segments remain unchanged. We
denote this sampling method by EHBSA/WT/n.

All evolutionary models are based on the steady-state scheme. If the offspring is better than the
(worst) parent, we incorporate it into the population.

2.4 Results and Analysis

Here we show results of 20 simulations for all problems and parameter settings. Each run was
terminated either when the optimal tour was found, or when the population converged, or when
the number of evaluations reached E..x (supplied by the user). Values of E . were 500000 and
1000000 for pr76. Population size 60, 120, 240 were used for EHBSA,; for other algorithms,
population size were 240, 480 and 960. B,.;i, of Equation 3 is set to 0.005 for all experiments.

We evaluated the performance by measuring: #OPT (the number of runs in which the algorithm
succeeded in finding the optimal tour), MNE (the mean number of evaluations to find the global
optimum in those runs where it did find the optimum), and Error ((the average length of the best
solution over the 20 runs — optimal tour length) / optimal tour length).

Results on pr76 problem are shown in Table 1. EHBSA/WO could not find the optimum tour,
whereas EHBSA/WT/n found the optimal tour in almost all cases. With N = 60, EHBSA/WT/2,
3, 4, and 5 found the optimal tour 13, 14, 14, and 18 times, respectively. With N = 120,
EHBSA/WT/2, 3, 4, and 5 found the optimal tour 19, 19, 18, and 19 times, respectively. With
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N=240 EHBSA/WT had

similar values of #OPT, Table 1: Results of pr76

Pop size 60 120 240
and Iarger Value Of Operator |#OPT| MNE STD | Error [#OPT| MNE STD | Error [#OPT| MNE STD | Error
MNE. Thus, we can see WO | 0720 - - |oos60 [ 020 - - [o0288 00 - - |oo7e4
« | WT2|13/20] 3399476 | 606835 | 0.0021 |19/20] 6153545 | 88813.6 | 0.0001 | 19/20 1083794.9 | 1544148 [ 0.0004
that the performance of @ [wrrs[ 10| 3954288 | 1662606 | 0.0000 | 19720 712166.7 | 1959656 | 0.0001 | 20/20] 11173167 | 1315842 0
. & [W/a| 1420 5033567 | 1546340 | 00017 | 16/20] 566578.9 | 197105.3 | 0.0008 | 18720] 15950859 | 2159932 | 00001
EHBSA/WT is much WT/5|18/20] 7079414 | 200621.3 | 0.0006 | 19/20| 1375098.1 | 237743.3 [ 0.0001 | 6120 | 1812298.3 | 201695.2 | 0.0016
better than EHBSA/WO. | Popsize 240 480 960
Operator [#OPT| MNE | STD | Error [toP1] MNE | STD | Error [top1] MNE | sTD | Error
Among the other oX |o| - ~ o |o0| - ~ lowuwz|om0| - — | oo7es
operators, 0n|y eER [11] PMX | 020 - - [ 12795 0120 - - [ o9s00] 020 - - | o693
EER |00 - - |oo72s| 120 1002420 0000231 ] 220 2619350 6349.0| 0.0076

was able to find the
optimal tour in one run with N = 480 and in 2 runs for N = 960. OX [8] and PMX [3] could not
find the optimal tour at all.

3 Improving Performance of EHBSA with Local Search

In this section we examine a hybrid approach, where EHBSA is combined with local search
heuristics for improving solutions. We tested two types of heuristics; one is a simple heuristic
for solving TSP called 2-OPT, and the other is a sophisticated Lin-Kernighan [4,6] heuristic.

3.1 2-OPT Heuristic

2-OPT proceeds by checking pairs of nonadjacent edges in a given tour, and computing the
improvement in the tour length after rearranging these
pairs by exchanging the terminal nodes of the two edges
in each pair as shown in the adjacent figure. If no pair of
edges can be rearranged to improve the current tour, the
algorithm is terminated. Otherwise, the pair of edges that
improves the performance maximum (minimum tour
length) is rearranged, and the algorithm is executed Figure 2: One step of 2-OPT
again.

Results of EHBSA with 2-OPT

For these experiments the maximum number of evaluations is set to 100,000. Other settings are
the same as described in Section 2. Table 2 shows the results on the 318-city problem lin318.
EHBSA/WO showed lesser value of MNE than EHBSA/WT. However, its success rate is lower
than EHBSA/WT. For this problem, EHBSA/WT/3 with population size N=30 showed
#OPT=20 and MNE=11928.4. Although #OPT increased with n of EHBSA/WT/n, values of
MNE also increased. This confirms the advantages of using local search in combination with
EHBSA (EHBSA/WT is better than EHBSA/WO). The performance of OX and PMX are
mostly worse than EHBSA, but for some settings these operators yielded comparable
performance. Extended ER performed the worst.
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Table 3 shows that
increasing the number of
cities from 318 to 439

Pop size 15 30 60
necessitated a Sllght Operator [#OPT| MNE STD | Error [#OPT| MNE STD | Error [#OPT] MNE STD | Error
wo [2/20] 23055 1085 [0.0019 [12/20 5580.3 [ 976.4 [0.0005 [18/2d 11664.1 [ 1613.2 Jo.0002
increase in the < w2102 78307 | 9183.7 [0.0003 [18/2d  7850.9 | 2097.9 [0.0001 [20/2d 15220.1 | 2706.8 0
. . @ [wrss[ter2 89936 | 6306.7 |0.0003 [20/2d 11928.4 | 6790.4 0 [20/2d 19997.8 | 6466.6 0
DODU|atI0n size needed @ [wraloor20 159707 | 102353 0 [20129 20865.1 | 9506.9 0 [20:2d 30609.1 | 12317.4 0
w/5]20/20] 22430.1 | 19460.7 0 2029 25825.0 | 13329.0 0 [20/2d 35579.2 | 16460.6 0
by EHBSA. For many Pop size 240 480 960
settingsl MNEs for the Operator [#OPT| MNE | STD | Error [foP1] MNE | STD | Error [toPT MNE | STD | Error
. oX [520] 8660.6 | 1815.8 [0.0009 [15/20] 16291.3 | 3390.2 [0.0003 [20/20] 26704.1 | 3297.2 0
439-city prOblem PMX | 6/20| 74135 | 1675.6 |0.0008 |13/20] 14219.2 | 2521.2 |0.0003 |20/20] 29290.9 | 3683.7 0
decreased compared to EER [3/20 108153 | 372.0 J0.0006 [12/20] 21156.8 | 1375.3 J0.0002 [17/20] 42207.2 | 5354.5 Jo.0001
the smaller problem of
318-cities presented in Table 3: Results for pr 439
Table 2, which indicates
i Pop size 15 30 60
good Scalablllty of Operator [#OPT| MNE | STD | Error [tOPT MNE | STD | Error [¢OPT] MNE | STD | Error
wo [o/20[NaN NaN  [0.0008 [ 0/20[NaN NaN  [0.0006 | 7720] 9234.7 | 1827.4 |0.0002
EHBSA. However, other < |[wrr2]er20] 26818 9176 [0.0003 [132] 5659.3 | 2214.6 [0.0001 [18/20] 10284.9 | 2107.9 J0.0000
recombination operators @ wt/3] 6/20] 11649.8 | 13536.9 [0.0002 [15/29] 9084.7 | 3920.3 Jo.0001 [19/20] 143213 3727.9 0
L W [wr/af1ar20] 8812.1| 5820.7 [0.0001 [1972] 13021.1 | 6705.4 0.0000 [20/20] 17126.9 | 3509.9 0
show a Slgnlflcant WT/5]|11/200 19993.1 | 18286.6 [0.0001 |19/20] 24371.4 | 17549.8 |0.0000 |20/20] 25006.0 | 5944.2 0
. Pop size 240 480 960
decrease In performance Operator [#OPT| MNE STD | Error [#OPT| MNE STD | Error [#OPT| MNE STD | Error
Compared to the 318—city oX |1/20] 49358.0 0.0 [0.0007 [4/20] 15203.5 | 999.0 |0.0004 [10/20] 29125.3 | 3199.9 Jo.0001
pMX  [2/20] 8532.0 | 425.0 [0.0008 [5/20] 17100.0 | 2470.6 [0.0002 [10/20] 31571.7 [ 4176.3 [0.0002
prob|em. Extended ER is EER [1/20] 10815.3 0.0 J0.0003 [4/20] 25714.8 | 1980.0 J0.0001 | 8/20] 65775.5 [ 20199.8 [0.0001

not capable of achieving

Table 2: Results for lin318

reliable convergence to the optimum even with a population size N=960,
of PMX and OX became reliable only with N=960, showing very
compared to EHBSA/WT with almost all settings.

whereas convergence
inferior performance

Summarizing the results of hybridization with 2-OPT, we can say that EHBSA provided robust
performance over all population sizes; whereas other methods provided much inferior output
with respect to reliability and computational efficiency. #OPT found by EHBSA was always
more than those by other operators (even with a larger population size). Correspondingly, MNE
is much less for EHBSA than those of other operators. Comparing EBHSA/WO and

EBHSA/WT we can say that EBHSA/WT mostly shows superior performance.

3.2 Lin-Kerninghan heuristic

Lin-Kernighan (LK) [4,6] local search is based on
2-OPT moves. The current solution is viewed as
an anchored Hamiltonian path P rather than as a
Hamiltonian circuit. The anchor of the path is a
fixed end-point city t;, as illustrated in the first
part of Figure 3. Let ty denote the other endpoint
of the path P; that exists at the beginning of step i
of the LK search. The tour corresponding to path

9o 9o 90 0 0 o -—-—--— 0 0o
tl t2i
e o 0 0--% 0 0-- 0o 00
tl tZi-ﬁ-l t2i-¢-2 t2i
¢ o 0 0--% 0 0-- 0o 00
tl t2i+1 tZi+2 t2i

Figure 3: One step of LK
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P; can then be obtained by adding the edge {t,t:}. At each step we only consider 2-Opt moves
that flip some suffix of the path, i.e. one of the tour edges being broken is {t;,t»;}. Furthermore,
the new neighbor t,; ., of t;; must be such that the length of the one-tree (spanning tree plus one
edge) obtained by adding the edge {tu,txi + 1} to P; (middle part of Figure 3) is less than the
length of the best tour seen so far. This restriction is a generalization of the criterion in 2-Opt
that d(t,,t3) be less than d(ty,t;). There are many implementations available for LK search. Here
we used an iterative implementation of Concord TSP Solver available at
http://www.tsp.gatech.edu/concorde.html.

Results of EHBSA with Lin-Kernighan heuristic

Results for a 3795-city problem fI3795 using EHBSA sampling combined with LK local search
are given in Table 4, and those for a 5934-city problem rI5934 in Table 5. For these experiments
the maximum number of evaluations is set to 1,000 and 3,000 for flI3795 and rl5934,
respectively. The remaining settings are the same as those described in Section 2.

It is evident from the

results given in Tables 4 Table 4: Results for fI3795

& 5, that incorporation of Pop size 5 10 15
R . Operator [#OPT| MNE STD | Error [#OPT] MNE STD | Error [#OPT| MNE STD | Error
LK search heuristics with _ [wreload sse] 201 0lo2d 811|353 02o2d  785| 407 0
. P & [wrss]eor29) 704] 695 oloood  767] 359 02020 604 327 0
o
either the recombination T [wr/a[2020] 93] 649 o0feo2d 670 360 02020 654 347 0
based standard algorlthms WT/5]20/20) 81.6 79.4 0 [20/20) 79.1 52.1 0 |20/20 86.0 40.6 0
R Pop size 10 15 30
or EHBSA/WT improves Operator [#OPT| MNE [ STD | Error [¢foPT MNE | STD | Error [¢OPT MNE | STD [ Error
. ox [172d  434] 14400003 [197200 498 23900001 2020 779 314 0
(m terms of both MNE PMX  [18/20 50.7]  22.50.0008 [19720 601 30.2]0.0001 [20120]  Bas| 278 0
and #OPT) the EER [20200 1491 705 Jo.0000 J2020] 1677 776 020200 2357 1179 0
performance. They can
solve bigger problems Table 5: Results for r15934
even with 5934 cities ——
op size 5 10 15
quite We”. ThiS Operator [#OPT| MNE STD | Error [#OPT| MNE STD | Error [#OPT| MNE STD | Error
. . wr/2[20200  2923| 754 02020 5209 146204  of20/2d  s75.9] 220102 0
establishes the utility of & [wislooad 2882 1011 0|202d 3525 130982] 0 |20;2d 5409 165.039] 0
LK hi binati I [wriafoorzd  270.1] 1300 o0foo2d 3728 12672  of2o2d  496.8] 13501 0
search In combination wr/s[20200 2786 180.9 020200 4033 193.322] o feor2d 5237 194003 0
with evolutionary Pop size 15 %0 &

. A Operator [#OPT| MNE STD | Error [#OPT| MNE STD | Error [#OPT| MNE STD | Error
algorlthms. It is seen oX |12 167.5] 43.0779]0.0003 [19/20] 2852 | 75.0882]0.0001 [20/20]  412.6 | 93.6421 0
f h | hat f PMX  [15/200 1595 | 34.0096[0.0000 [17/20]  276.9| 62.3335[0.0000 [20r2]  s16.4] 99.2514] 0

rom the Tables that for EER [17/200 2206 47.4676/0.0000 [20/20]  408.7| 8a.4797]  ofoor2] so0.8| 748484 0

all population sizes (even

for a small population size of 5) EHBSA/WT combined with a LK heuristic succeeded in finding
out the optimum solution for all runs. But other operators (OX, PMX, eER) combined with LK
heuristics could not find the optimum in all runs for smaller population sizes. Let us take the
case of population size 15 and pr5934 problem. The EHBSA/WT could detect the optimum
100% times; whereas the OX did it for 11 times, PMX for 15 and eER for 17 times out of 20.
They could succeed in all runs only when the population size was as big as 60. Other measures
like MNE, STD are comparable for all techniques. Similar are the results even for the 3795
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cities problem

To summarize the results of hybridization with LK heuristic, we can say that EHBSA provided
robust performance (over all population sizes) even for large TSP instances. The other
recombination based methods provided performance that is inferior with respect to reliability
and computational efficiency. #OPT found by EHBSA is always 100%; whereas the other
operators needed larger population size for achieving this result. Thus we can say that the hybrid
EHBSA works well for less population size, and is robust and needs less computational cost.

An experiment was also conducted to check if a particular template (e.g., the present best
individual) would work better than a random template, but the results did not show much
improvement.

4 Summary and Conclusions

A concept of edge histogram based sampling algorithm (EHBSA) for solving permutation
problems was introduced by Tsutsui [12]. Its applicability to solve TSP [12] and flow
shop-scheduling problems was also demonstrated [13].

In this paper EHBSA has been hybridized with some popular well-known local search heuristics
(namely the 2-OPT and the Lin-Kerninghan heuristics) to take advantage of local search.
Experimental evidences show that this hybrid technique decreases the computational
requirements for finding the global optimal tour in TSP, providing a method capable of solving
significantly larger problems of thousands of cities. The method is very robust in the sense of
detecting global optimum for a wide variety of population sizes. The effectiveness of EHBSA,
over other recombination-based techniques, is more clear when we use a weaker heuristic (like
2-OPT), whereas the effectiveness of EHBSA is less if we use a sophisticated heuristic like the
Lin-Kerninghan heuristic. However, we can always observe some advantage of EHBSA over the
classical recombination based techniques.

In future more in-depth empirical analysis would be performed to show that EHBSA combined
with domain specific heuristic performs better in other permutation problems also.
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