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Abstract: This paper describes an aggregation pheromone system (APS), which is an extension of 
ACO for continuous domains, using the collective behavior of individuals that communicate using 
aggregation pheromones. APS is tested on several test functions. Results show APS could solve real-
parameter optimization problems fairly well. The sensitivity of control parameters of APS is also 
studied.  
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1. Introduction 

As a bio-inspired computational paradigm, ant colony optimization (ACO) has been applied with 
success to a large number of computationally hard problems. ACO simulates the collective behavior of 
ants, which communicate using pheromone trails. However, ACO is mainly applicable to discrete 
optimization problems such as the traveling salesman problem (TSP) [2, 5, 6, 19], quadratic 
assignment problem [14], scheduling problem [4, 7], vehicle routing problem [3], as well as the 
routing problem in telecommunication networks [21]. 

Although using pheromone trail metaphor is very effective in solving discrete optimization problems 
mentioned above, a direct application of the pheromone trail metaphor for solving real-parameter 
optimization problems is difficult. In this paper, we introduce "aggregation pheromones", also 
observed in nature, and propose an algorithm "aggregation pheromone system (APS)" for solving real-
parameter optimization problems. 

When an individual of the same species comes in contact with pheromone, it elicits a response, 
depending on the type of pheromone. In this way, specific information is conveyed. Pheromones that 
cause clumping or clustering behavior in a species, which bring individuals into a closer proximity, are 
referred to as aggregation pheromones [13]. Many functions of aggregation behavior have been 
observed. These include foraging-site marking and mating [1], finding shelter, and defense. 
Cockroaches produce a specific pheromone with their excrement when they find safe shelter, which 
attracts other members of their species [18]. As a result, aggregation pheromones function such that 
individuals aggregate around a "good position" with positive feedback. Pheromones evaporate with 
some rate. This prevents other individuals to aggregate to a local position. 

The Aggregation Pheromone System (APS) proposed in this paper uses these aggregation pheromones 
as the basic metaphor of the model. While ACO is mainly applicable in discrete problems, APS can 
solve real-parameter optimization problems. Although we need more study, results show that it works 
fairly well in various test functions used in the evolutionary computation community. The remainder 
of this paper is organized as follows. We introduce the APS in Section 2, experimental analysis is 
given in Section 3, and Section 4 concludes the paper. 

2. The Aggregation Pheromone System 

Since the proposed algorithm is a variant of ACO and uses pheromone update rules similar to ACO, 
ACO is briefly described in Section 2.1. APS is presented in detail in Sections 2.2 and 2.3. 
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2.1 A Brief Overview of ACO 
Here ACO, in this section ACO is briefly overviewed based on [5]. In ACO, search activities are 
performed with so-called ants. A moving ant lays a pheromone trail on the ground. An ant 
encountering a previously laid trail can detect it and decide with high probability to follow it, thus 
reinforcing the trail with its own pheromone. 

In [5], the algorithm is called the ant system (AS). For a TSP, AS works as follows. Let m be the total 
number of ants. Each ant has the following characteristics: (i) it chooses the town to go to with a 
probability that is a function of the town distance and of the amount of trail present on the connecting 
edge; (ii) to force the ant to make a legal tour, transitions to already visited towns are disallowed until 
a tour is completed; (iii) when it completes a tour, it lays a trail on each edge (i, j) visited. 
Let τij(t) be the trail intensity on edge (i, j) at iteration t. At t = 0, initial values τij(0) for trail intensity 
are set on edges. When all ants complete their tours, the trail intensity on each edge is updated 
according to the following formula: 

ijijij tt ττρτ ∆+⋅=+ )()1(                                                            (1) 

where ρ )10( <≤ ρ  is a coefficient such that (1– ρ) represents the evaporation of trail between iteration 
t and t+1, ∑ = ∆=∆ m

k
k
ijij 1 ττ  and ∆τij

k is the quantity per unit of length of trail laid on the edge (i,j) by 
the k-th ant between iteration t and t+1; it is determined to be inversely proportional to the tour length 
of k-th ant so that larger values of ∆τij

k are given if the tour length of the k-th ant is shorter. This 
process is iterated until the given termination conditions are satisfied. 

2.2 Basic Model of the Aggregation Pheromone System 
There is a big difference between ACO and APS in how the pheromone functions in the search space. 
Pheromone density in ACO is defined as a trail on an edge between nodes of a given sequencing 
problem. In APS, the aggregation pheromone density is defined by a density function in search space 
X in Rn. In the real world, aggregation pheromones are used by a species to communicate with 
members of their community to share information about the location of food, safe shelter, potential 
mates, or enemies. 
As in ACO, APS takes a cycle model. In each APS cycle, borrowed from the natural model, m 
individuals are attracted to positions by the aggregation pheromone in search space X. They are 
attracted more to the positions where the pheromone density is higher, and less to the positions where 
the density is lower. Thus, in our system, we consider individuals to choose their positions depending 
on the aggregation pheromone density, or more specifically, with probability proportional to the 
aggregation density function in search space X as follows. 
Let x represent the variable in search space X, i.e. Xx∈ , and ),( xtτ be the density function of 
aggregation pheromone at APS cycle t. In initial APS cycle (t=0), the aggregation pheromone 
distributes uniformly, i.e., ,),0( cx =τ where, c is a constant. The probability density function of 
aggregation pheromone at APS cycle t, ),( xtpτ , is defined as 

.
),(
),(),(

∫
=

X
dxxt

xtxtp
τ
τ

τ                                                                (2) 

Depending on the problem we solve, a fitness function f(x) is assigned for Xx∈ . Each of m 
individuals emits aggregation pheromone around its position x in X depending on the fitness function 
f(x). There may be questions regarding which approach is more similar to that used in the natural 
world, to use an absolute value of f(x), a relative value, or a ranking system. However, in our system 
we use rank r (r = 1, 2, …, m) of each individual to make the fitness difference among individuals 
more distinguishable. The highest ranked individual has a value of m and the lowest ranked individual 
has a value of 1. An individual which has rank r emits the aggregation pheromone around xt,r with 
density function represented by ),,,,(' , xxrt rtτ∆  where xt,r is the position of the individual with rank r. 
Then the new aggregation pheromone density emitted in APS cycle t by m individuals is 

.),,,('),( 1 ,∑ = ∆=∆ m
r rt xxrtxt ττ                                                        (3) 

Here, we assume the total aggregation pheromone volume emitted by m individuals in each cycle t is 
equal to C, i.e., 
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.),( Cdxxt
X

=∆∫ τ                                                                  (4) 
This assumption is important when we consider the sampling method in Section 2.3. When all m 
individuals complete choosing their positions, the total aggregation pheromone density in X is updated 
according to the following formula, as in Eq. 1: 

).,(),(),1( xtxtxt ττρτ ∆+⋅=+                                                        (5) 
After the pheromone updating is performed, individuals are reset and the next APS cycle starts. This 
process is iterated. Thus, the pheromone density at promising points in the space increases as the APS 
cycle is iterated and the APS is expected to converge to a promising solution. 

Here, we discuss the form of ),,,(' , xxrt rtτ∆  of Eq. 3. We assume that (i) ),,,(' , xxrt rtτ∆  is centered 
around position xt,r (position xt,r has the highest density), (ii) an individual with higher rank emits more 
pheromone than an individual with lower rank. Further, (iii) we introduce a co-operative phenomenon 
in which ),,,(' , xxrt rtτ∆ is affected by the distribution of other individuals and becomes elongated in 
the direction of the distribution. In this research, we use the following Gaussian functional form for 

),,,(' , xxrt rtτ∆  (r=1,2, …, m) for Eq. 3. 

).,(),,,(' 2
,

1
, trtm

k
rt xNr

k
Cxxrt Σ=∆

∑ =

βτ α
α                                                (6) 

Here α (>0) is a parameter to adjust the relative importance of rank, Σt is the covariance matrix 
estimated from distribution of m individuals in search space X for cycle t, β (β>0) is a parameter to 
control the width of distribution of the pheromone, ),( 2

, titxN Σβ is a multivariate normal distribution. 
The function defined by Eq. 6 satisfies all the three conditions mentioned above. It has the highest 
value at xt,r, higher rank individuals have larger functional values, and covariance matrix tΣ2β  reflects 
a distribution of individuals. With larger values of α, the ratio of the total amount of pheromone 
produced by a higher ranked individual increases. With larger values of β, the aggregation pheromone 
spreads more widely in the search space X, and with smaller values of β, aggregation pheromone 
spreads less. Then, ),( xtτ∆ , the total pheromone density emitted by m individuals in cycle t, can be 
obtained from Eq. 3. We can see also that ),( xtτ∆  satisfies Eq. 4, i.e., the total amount of aggregation 
pheromone at each cycle equals C. 

2.3 Sampling Technique 
In this subsection, we discuss how to sample individuals from aggregation pheromone density function 

),1( xt +τ  obtained in Eq. 5. As described in 2.2, we sample individuals with probability proportional 
to the aggregation density ),1( xt +τ . To perform the proportional sampling, we need to obtain 
probability density function ),1( xtp +τ from ),1( xt +τ . ),1( xt +τ  in Eq. 5 can be rewritten as 

.),(),0(),1( 0
1 ∑ =

+ −∆+=+ t
h

ht xhtxxt τρτρτ                                            (7) 

From Eqs. 2, 4, and 7, ),1( xtp +τ  is obtained as 
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0
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In general, if a probability density function (pdf) f(x) can be decomposed into sub-pdfs fk(x) 
as )()()()( 2211 xfpxfpxfpxf SS+++= L , then we can sample f(x) as follows: first we choose fs(x) 
(s=1, 2, …, S) according to probability (p1, p2, …, pS), then we sample fs(x), where, (p1,  p2,  …, pS) is a 
probability distribution. Using this method, we can sample ),1( xtp +τ  of Eq. 8 in the following 
manner. In Eq. 8, the terms Cx /),0(τ  and Cxht /),( −∆τ  can be pdfs from Eq. 4. Thus, first we 
choose Cx /),0(τ  or Cxht /),( −∆τ  (h=0,1, …, t) according to probability ∑ +

=
1
0/ t

k
kh ρρ  (h=0,1, …, t, 

t+1). We call this cycle sampling. Next, we sample Cx /),0(τ  or Cxht /),( −∆τ . Sampling of 
Cx /),0(τ  is simple because it is a uniform sampling. Sampling of Cxht /),( −∆τ  is similar to cycle 

sampling. Generally, Cxht /),( −∆τ  can be obtained from Eq. 6 as 

,),(),(
1

2
,∑ = −− Σ=−∆ m

r htrhtxN
L
r

C
xht βτ α

                                              (9) 

where ∑ == m
k kL 1

α . As with cycle sampling, we first choose rank r according to the probability Lr /α  
(r=1, 2, …, m). We call this sampling rank sampling. After rank sampling, we sample 

),( 2
, htrhtxN −− Σβ , using Cholesky decomposition [20]. To perform this sampling, based on Eq. 8, we 
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Fig. 2 Convergence process on FRosenbrock 

Table 1 Results of APS with default values 
F Ellipsoidal F Ridge F Rosenbrock

#OPT 20 20 20
MNE 80300.0 101660.0 121760.0
STD* 1469.7 1765.4 8882.3
#OPT 20 20 20
MNE 138900.0 179078.3 265766.3
STD* 1362.2 2337.1 27152.5

* STD: Standard Deviation

Function

APS

SPX

 

need a large memory to store rhtx ,− vector values and covariance matrix ht −Σ2β  when APS cycle t 
becomes large. In this case 0→hρ  for large h since 0 <ρ <1. Thus, we can limit the maximum 
number of cycles to keep data up to a constant H. Then, Eq 8 for Ht ≥  can be represented as 

.),(),1( 1
0 1

0 C
xhtxtp H

h H
l

l

h −∆⋅=+ ∑
∑

−
= −

=

τ
ρ

ρ
τ                                             (10) 

3. Experimental Study 

3.1 Experimental Methodology 
In the APS cycle model, we reserve the best e ( rateEme ×= ) individuals at each cycle. They are 
transferred to the next cycle. This acts as an elitist strategy in GAs [8]. Parameter Erate is used to 
control the number of elites in each cycle. We use the following three test functions: the Ellipsoidal 
function (FEllipsoidal), the Ridge function (FRidge), and the Rosenbrock function (FRosenbrock). FRidge has 
weak linkage among variables. FRosenbrock has strong linkage among variables. FEllipsoidal has no linkage 
among variables. Problem size n = 20 is used for all test functions. 

),12.712.3(    ,1
2

lEllipsoida <≤−= ∑ = i
n
i i xixF                                             (11) 

( ) ),8444 (  ,
2

1 1Ridge <≤−= ∑ ∑= = i
n
i

i
j j xxF                                             (12) 

),048.2048.2(   ),)1()(100( 222
2 1Rosenbrock <≤−−+−= ∑ = iii

n
i xxxxF                      (13) 

The default value of the parameters is as follows: m = 100, ρ = 0.92, α = 4, β = 0.6, Erate = 0.1, and 
H=200. These default values were chosen to tune APS to work well when tested with the FRosenbrok 
function. We evaluated APS by measuring their #OPT (number of runs in which APS succeeded in 
finding the global optimum) and MNE (mean number of function evaluations to find the global 
optimum in those runs where it did find the optimum). We considered the detection of the solution 
successful if all parameters (x1,...,xn) of the best individual were within the range [(oj–0.0001), 
(oj+0.0001)] for all j, where (o1,...,on) is the optimal point. 20 runs are performed. Each run continued 
until the global optimum is found or a maximum of 500,000 evaluations is reached. 

3.2 Results 
(1) Results with default parameter values 

Table 1 shows the results of APS using the default parameter values described in Section 3.1. The 
results are compared with the results of SPX, a typical state-of-art crossover operator in real-coded 
GAs [9]. APS showed better results than SPX on 
FEllipsoidal and FRidge, although it is possible to further tune 
APS as described below (see Fig. 3). On FRosenbrock, APS 
showed much better results than SPX. Fig. 2 shows the 
convergence processes of both APS and SPX on 
FFosenbrock. We can see that APS converges more stably 
and rapidly than SPX. 

(2) Sensitivity of parameters 

To see the effect of the evaporation coefficient ρ in APS, 
we varied the value of ρ from the default value in the 
range [0.8, 0.98] (Fig. 3). When the value of ρ becomes 
larger, pheromone emitted in previous cycles remains 
for a longer period of time. With FEllipsoidal and FRidge, 
APS with ρ values in [0.84, 0.86] showed #OPT = 20 
and the better (smaller) MNE values. With FRosenbrock, 
which has strong linkage among variables, APS with ρ 
value 0.92 showed smaller MNE with #OPT = 20. 
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For this problem the value 
of ρ is larger than those 
resulting from FEllipsoidal 
and FRidge. With larger 
values of ρ, APS uses 
information of the 
pheromone density in the 
past cycles more than 
with smaller values of ρ 
and can find solution 
efficiently on functions 
that have strong linkage 
among variables. 

To see the effect of the 
parameter α, which 
adjusts the relative 
importance of rank when 
each individual emits 
pheromone, we tested for 
α in the range of [2, 8] 
with step size 2 (Fig. 4). 
With larger values of α, 
higher ranked individuals 
emit pheromone at 
increasing rates. With larger values of α, the performance of APS increased, as seen in the results with 
FEllipsoidal and FRidge. However, as seen in the results with FRosenbrock, which has strong linkage among 
variables, larger α values cause side effects in convergence. 

Parameter β controls the width of distribution of the pheromone emitted by individuals. With 
increasingly larger values of β, individuals emit pheromone more. We tested β in the range of [0.5, 
0.7] with step size 0.02 (Fig. 5). With function FEllipsoidal and FRidge, having respectively no and weak 
linkage among variables, smaller values of β have better performance. With function FRosenbrock, which 
has a strong linkage among variable, both smaller and larger values of β have poor performance, 
showing over-exploring and over-exploiting behavior. 

4. Conclusions 

In this paper, we have described the aggregation pheromone system (APS), which uses aggregation 
pheromones as the basic metaphor of the model, for solving real-parameter optimization problems. We 
studied APS with several test problems. The results showed that APS could solve real-parameter 
optimization problems fairly well. We also explored the sensitivity of the control parameters of APS.  

There are many opportunities for further research related to APS. These include study of the 
relationship between the parameters and the resulting performance of APS, the scalability analysis of 
the algorithm, comparative study with evolutionary algorithms such as UNDX [15], SPX [9], and 
EDAs (estimation of distribution algorithms) [11, 16]. 
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Fig. 3 Effect of the coefficient of pheromone evaporation ρ 
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Fig. 4 Effect of parameter α 
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